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Let V be a finite-dimensional C-vector space equipped with a non-degenerate sym-
metric bilinear form 5. A cohomological field theory on (V,7) consists of a
collection Q = {Qg , }25-24n>0 Of elements

Qgn € H' (M) ® (V)"

satisfying the following axioms.



i. (Symmetry) Every Qg ; is Sy-invariant. In other words, Q, , is a collection
of S, equivariant maps:

Qe ver H*(Mg’n)

ii. (Naturality) Considering the gluing maps

q: Mg—l,n+2 - Mg,n, r: Mh,|l|+1ng—h,|J|+1 - Mg,n, IuJ =A{1,...,n},

we have
q*Q(Vl ® - ®vy) = Qg—l,n+2(V1 ® -V, ®A)
1] [J]
QI ® - ®Vvy) = Qp 1141 ® Qg 7141 ® vi®A® ® ViI|+j
i=1 j=1

where A is the bivector in V ® V dual to the metric € V* ® V*.

iii*.  (Flat unit) Assume the vector space V comes with a distinguished element
1 € V. Consider the forgetful map

P Mg psr = Mg,

Then
p*Qg,n(Vl ®: - ® Vn) = Qg,n+1(Vl - Qv ® 1)a

Qo 3(vi ®va®1) =n(vi,va).
The CohFT satisfying (i)(ii) but not (iii) is called degenerate CohFTs.
We can define a quantum product on (V, i7) by
n(vi *va,v3) = Qo,3(v1,v2,v3).
A CohFT with unit (V,n, Q) is semisimple if (V, %, 1) is a semisimple C-algebra.
It means we find an idempotent basis e; such that

e xe; = 6,~jel-.

The partition function of a CohFT Q = {Q, ,, } with respect to a basis {e1,...,ep}
of V is defined by

Zo(h,1f) = exp Y ETFE(ED)
g>0

" 1 Nk oa;
Fg(t*): Z E‘/' Qg,n(eal®"'®€an)'l_l¢jjt:jj
nag o Men j=1

where a; € {1,...,D} and k; € N. We also define the correlator

(T ()2 T (v )2 2= /M

g.n

n

ki

Qg,n(vl - ® Vn) : 1—['7ij
Jj=1



Remark 1.1. We can also use 3., ,, #Fg,n, or Yig n WF&,, in the defintion
of partition function.
Definition 1.2. Given a CohFT Q, the topological CohFT QP is define as the
degree 0 part of Q:

Qg’,’;,(vl ®- - ®v,) =degy Qe ,(V1®---®V,) € HO(Mg,,,).

A fundamental example of CohFT comes from the Gromov-Witten theory. Let
X be a nonsingular projective variety.

V=H"(X;C), n(vl,v2)=/v1Uv2.
X

Q;,{n(v1®-~®vn): Z qBQg’nﬁ(Vl@---@vn)
BeH2(X;C)

Qg’n’ﬁ(vl ® - Qvy,) =T, ([mg,n()(,ﬁ)]Vir N n eV;‘vi)
i=1

where 7 : Mg,n(X ,B) — Mg,n is the forgetful map. The Gromov-Witten CohFT
partition function is about ancestor Gromov-Witten invariants

- 1, _ _ o
Zx(h, 1) :epohg 1 Z E(qu(eal)"'Tkn(ean»?,ﬁl—[tlij’
! i

g20 n,B.,a.k

where = n*y and
n

<7_'k1(eal) cee 7_'kn(ean»;(,ﬁ = / l_[ evj-(eaj)lﬁ?

[Mg,n (X,ﬁ) ]Vir j:l
One should notice that in many papers, the total ancestor potential has more infor-
mation than Zx (7, ¢;"). We define the total ancestor potential
A (1 17) 1= exp ) BT,
g20
where the genus g ancestor potential ﬁg is defined by
B
- q * T *
FE = Z o / AL (Z(evi HOWE) AT eyt
n,m, e [Mg,n+m (X.B) 1V

Zx(h,t) is A (h;1y) att = 0. The total descendent potential of X is defined as

Dx(:1) = exp ) 7T,
g>0

where the genus g descendent potential 7’5 is defined by

B

q * k
FE = _/ AN ( E (eviti)y;).
X nz,ﬁ: n M Y

PDx has no dependence on the parameter ¢.



2 Givental’s theory

Givental’s group action gives a reconstruction method for semisimple cohomolog-
ical field theories. It was first invented for Gromov-Witten theory with semisimple
quantum cohomology. Itis proven by the localization formula in the toric Fano case.
Later, Teleman gave a complete classification for semisimple CohFTs to generalize
this theory to all semisimple cases.

2.1 Givental’s quantization formalism

Let H, (., .) be an N-dimensional vector space equipped with a non-degenerate sym-
metric bilinear form. Let H be the space of Laurent polynomials H = H((z™1)).
Introduce a symplectic bilinear form in H by

1
Q(7.9) = 5 § (F(-2).g(0)dz
The (H, Q) admits a polarization H, & H_
geH,=H[z] peH_ =z"'H[[z ]

In application, H = H*(X;C[[Q]]) (V in CohFT), (.,.) is the Poincare pairing
(17 in CohFT). Let g be coordinates of H, and p;’ be coordinates of H_ (called
Darboux coordinate system on (H, Q)):

1@ = Y aigaz + ) i oc (-7 e H

k>0 >0

Let A be an infinitesimal symplectomorphism A : H — H. The quantized A is an
at most second order differential operator acting on H,. defined as:

A=ha(D = 590AT.]), feH

ha(f) is a quadratic Hamiltonian in variables ¢, p. We set

—_— L N 0 _ 0?
Gaqb =""'qaqbs  qaPb=qam—s PaPb ="
g 9949491
In application, we use
P 0
a,k -— aq;:

Let A = Bz™ where Bgg = B"'qu)a. A direct computation shows that

e If m < 0, then
i1 k B . B
A= o Ek (D" Bapqi 41 g~ Ek‘B%qkad,Hm
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e If m > 0, then

A=- Z qk Oakorm + = Z( 1)kBaBaB kOa,m-1-k
k

Remark 2.1. In calculation, we need A is symplectic. i.e. A*(—z) + A(z) =0 and
Ax = (=1)™*LA,, to cancel some (-1) sign.

The quantization of a symplectomorphism 7' = exp A is defined as T := exp A.
The Birkhoff factorization can decompose a general symplectomorphism into a
composition of uppertriangle S and lower triangle R: 7 = S o R.

Proposition 2.2. Consider a symplectomorphism of H of the form
S(z) =I+S1/z+S2/2% + -+ € End(H*(X))[[z""]].

Define a quadratic form Wg on H, by the equation

Ws(@) = > (Waqeq),
k,1>0

where q; = g ¢o and Wy, is defined by

Z Wi §*(w)S(z) -
ky,l -1 -1
Kiso < W Wtz

Then the quantization of S~! acts on the Fock space by

& lgxq)—exp( S(q))gu al.)

for any function G of q € H,. Here [Sq]+ denotes the truncation of S(z)q to a
power series in z.

Proof. See [2]. O
A basic example comes from the fundamental solution
(S:(Du,v) = (u,v)+ < L‘J/’ v>>09 (1) Yu,ve H (X;A)
Z —_—

where

0
< a1,az,...,0, g, (T) = Z 7(a1,a2, e s Ty T)g nm, B
nB

In our notation,

Sop(2) = (S (g ba) = Napt < Zf—ﬁ¢,¢a S0 (1)

Sh =0+ < z(p—_ﬁw ¢ >0.2 (1)

By WDVYV equation, e.g [3, Prop 1.4.1] we know



Proposition 2.3.

v a ¢
Sua (W Sy5(2) = (z+w) < w¢——¢ Z _Bw

0,2 (T) +Nap

Then
[S* W)S ()15 = [S* W5 [S(2)] = S(w),S(2)7,
=(z4+w) < ﬂ Py 0.0 (1) + 6
w Y

As a corollary, S;(z) is a symplectomorphism: S*(-z)S(z) =

SRUL L Z w Tl < MY, pup” >0 (1)

—1 -1
*tz a.b>0
(Wi)hy, =< ¢y, po* 0.5 (1)

The quadratic form is

Ws(q) = Z Wriqk, q1) = Z(Wqugfﬁméﬁfﬁﬂ)

k,1>0 k,l

= Z((sz) i by 4, bp) = Z < "Y' pat* >02 a7 nyp
= Z < g, dpy’ >0 q,?qf =< q,q >0z (7)
k,l

In this case, o
(5716)(q) = 1PV =a402(0 G ([Sq],)
Now, let’s do the explicit calculation of [Sq].

S(2)q = Zz “Siql ¢ = Zz S Gd] b

[Sql+ = Z (Z(Sl m) % 5511 )

m=0 Izm
In this case, So = I; for k > 1,
(SK)G =< ¢, ¢py* ! >0 (7).
There is a similar theorem for lower-triangular symplectormorphism.
Proposition 2.4. Let R be a lower-triangular symplectomorphism of H of the form
R(z)=I+Riz+Roz’>+....

Define a quadratic form Vg on H_ by the equation

Ve(Po(-=2) ! +pi(=0) 2+ pa(-2) P+ ) = D (b Viapy),
k,1>0



where p;, = p;’¢“ and Vj; is defined by

Z( 1)k+lv whzl = R*(W)R(2) -

k,[>0 T+w

Then the quantization of R acts on the Fock space by

hv R(aq)

(RG)(q) = [exp( )g] (R'q)

where Vg (dq) is the differential operator obtained from Vg (p) by replacing py by
fel
dqr”

To use this proposition, we compute:
Vr(p) = Z(pk 6 Vipin ¢e) = Z(pk 6%, (Vi) e =P 17°)
= Zl?k (Vkl)aep'f pe = Zl?kpl Vi~ '1%
k.l
From the expression of Vg, it is natural to define
Vil = Vi1 = (vkz)“;nyﬁ
vap_9_

VR(dq) = kl 8 a

In terms of symplecity, R*(z) = R™1(-z),

Z (—1) Y kel = REW)R(z) =1 _ R (-w)[R " (-2) -1

K130 Z+w Z+w

Z Vigwks! = I-R'(w)(R"H*(2)

Z+w

B —l_R—lW -1 R—lTZ
Z Vin L n (Z _)'_le ( ) (2)

— (RTHL (W< (R™V(2)
Z+w

Remark 2.5. Notice that [19] use different notation by replacing R with R™. This
is explained in [ 19, annotation 11, page 11]

The quantization is a fundamental constraint in Gromov-Witten invariants.



Theorem 2.6. The string equation can be described as

(1)
(e
Z

The following theorem builds a relation of descendent and ancestor potential
Theorem 2.7 ( [4, 14]). Let
I CO R ()] PR
denote the genus 1 nondescendent Gromov-Witten potential of X. Then
Dy = eFl(t)E;\lﬂT
Proof. See [3, Theorem 1.5.1] m]

It is worth to remark that the RHS does not depend on 7.

2.2 The Frobenius manifold and R-matrix
2.2.1 Frobenius manifold
The Frobenius manifold consists of (M, 7, A, 1):

e M is a complex manifold of dimension .

e 71 is aholomorphic, symmetric, nondegenerate quadratic form on the complex
tangent bundle 7M. It plays the row of flat holomorphic metric on M.

e A is a holomorphic symmetric tensor
A:TMQRTM ®TM — Oy
It plays the role of Q¢ 3 in CohFT.

e 1 is a holomorphic vector field on M.

Locally, M is covered by open subsets U = SpecC|[t!, .. ., "] such that there exists
n-flat vector fields

0 0
oh=—,....0h==—€l'(UTM),
PTa am ( )

and a holomorphic function
F(t',...,i") = F(t) e (U,Ou).
such that

> (’)aéﬁé)ﬂF(t)n’“‘(')#@y(')(;F(t) = 856/38,1F(t)77’“‘8ﬂ8y8(,F(t)



> aaaﬁalF(t) =ETaep = n(0qs 8,3)
> 0,080, F(t) =n(dy * dp,0,)
> Cz,g(t) =1Y€00,0pF (1) and 0, * O = czﬁ(z‘)(’)y

In Dubrovin’s original papers, we require the quasihomogenerity condition on
the Frobenius manifold. That is there exists an Euler vector field

E = Z_l[(l - er)ta +7a]0q,

such that

LeF(1) = Z [(1=ga)t¥ +ral0oF(t) = (3—-d)F(t) + %Aaﬁt"tﬁ + Bat*+C

a=1
for some constant A,g, B4, C. A Frobenius manifold with an Euler vector field is
called conformal. The quasihomogenerity can be translated into:
V,(VEE®) =0
(LEC) s = Cop
Lpl=-1
(LEMap = (2-d)nap

In our application, X is the toric Fano variety. The Frobenius manifold is
(H = H(X;C[[Q2]1D,n, Q(}J(,S’ 1). A general element in H*(X) is reprecented by

01+ 37 t¢; + XN, . t'¢i. H*(X) = span{¢;}"_,. The Euler vector field is

i=r+

9

=2 LS - Lot
a0 l,zlpaﬂ' , 9 BV i

i=r+1

where ¢1(X) = p'¢y +--- + p"¢,. The grading operator u : H — H is defined as

1 1
u(ei) = (5 deg ¢; — 3 dime X)¢;.

I summarize the notations from different materials, including [5-7, 14, 17], in Figure
1.

The () in Figure 1 is somehow subtle. We should understand (x) as an
expression in local coordinates. The matrix U is from the quantum product:

Ex0y = Eycgaaﬁ; q/{ﬁa = Eycgaf

u = diag(ug, i1, ..., un). The element & = fﬁdtﬁ is a flat section of cotangent
bundle w.r.t V. Transform the Dubrovin connection into cotangent bundle:

6aé:,l? = 0aép — Zcfyﬁé“ya

9



Dubrovin Givental(i) Givental(ii)
- 2 -0 _1lcs.
Vo=V, v+zu=v V% ort Z(¢l*) Ve, = ii + l(ﬁbi"‘)
QDE ot = ot z
Vov=0,v+Exv—1 Vi o =z2 + L(Ex)+u
ol I A TR
Ocbo = Usip — Lpata (¢)| (20:+ E)éa = plafa (%)
dimC X d D
Hodge p=%4-VE ¢q € HYo(X)
grading Ha=qao—% do =4qa
Oa.k = ha,k <7 (¢a), 1>F, (1)
Qa.kip.1 < 7 (da), 1(dp) >, (1)

Figure 1: Dictionary of notations

- 1
Vaép=0:4p — Upla+ —lplp.
Set we get the equation (). To see (), we can
B 1
azfa/ = (L[afﬁ - Z,uaé:a
1
= Eycgafﬁ - E,uafa
1
= E(Eyayf(x - lla/é:a)
Take w = —z7 %, 8, = w?d,,, 20, = —wd,,, we get

(W0, + aE)ga = paba-

If we do a linear change of coordinates &% = n~1¢T (€9 = n%¢g). Apply the
n-symmetry: UTn =nU, un +nu =0,

U, = W™ nPug+ pan® =0
we can also see an expression in [7, Equation 2.41]:
v By L # L) e
6Z§y=ﬂﬂ§ +_/17§y§ 067" =|U+-u)é&
Z Z

We should notice that this form is a local expression of QDE, which has a different
sign compared with V av.

10



2.2.2 canonical coordinates

We assume the Frobenius manifold is semisimple. The Greek indices {r*}, {0, }
is for flat coordinates. Let u' = u'(¢%) be canonical coordinates and ¢; = % be
coordinate vector fields.

€ *€=0;€; A= (€, €)1 .
The normalized vector fields are
& = VA6
(€i,€j) =i
The transition matrix ¥ is defined by
Oy =W ,6&;

-1/2 5 i _ i
A Edut = W pdiP

-1/2 8ui

\P/_l=<€i,au>=Ai IiH

In particular, ‘
DWW =g WL, = 6y
i

There is a tablet to show difference of ¥ in different references.

V] [17,19], this note [13] [8,14,15]
row up; column down row up; column down row down; column up
P~ y.cN s H ¥:H—CV
(9,, =¥ #Gi
e; — \/A_,aul \/A_lau’ = e
wi = AP0 ¥ = VA GG V=8 5
_1\i ~1/2 8u _ @
(), =a7 80| (h = VA
Yy =gy yyT =5t wel =g
Yyl = Yipy =1 Yip-ly =
VY (Dar 0p) PP =50y | WinW = 6

2.2.3

fundamental solution

A matrix in normalized canonical coordinates S’ j is a fundamental solution if the

vector field X; = Sijé satisfies V4 X; = 0 for all @, j (not include z direction).

11



Theorem 2.8 (the fundamental solution). The differential equation in canonical
coordinates for V<-flat fields has the following properties:

e Formal fundamental solutions S° j is of the form
g(z, u) = R(z, u)e“/z,
where R(z,u) =1+ zR1(u) + 22Ro(u) + . ...

e R(z,u) satisfies the unitary condition (R’ is transpose, it is true because
nij = 6;; in normalized canonical coordinates)

R(z,u)R"(=z,u) =1

® R(z,u) is unique up to a constant matrix (w.r.t u)
k>1

e There is a unique R-matrix such that (%) holds.

The £# version of (%) is here. In general coordinates, y is not a diagonal
matrix. We set u(dg) = M fﬁ@f and

naBMé; + M‘Zgnﬁy =0
In (), we get
06 = Uta — TMée.
06 = ULEP + %M;:_ff.
Translate it into the Givental side:
(Wi + Ip)E = —MP 8P
Hence quasihomogenerity condition for R-matrix is
(20, + 0g)R'; = -MAR",.
The fundamental solution Syj in flat coordinates is of the form
§7 = (P71 SK

such that ¥; = Syjay satisfies V3Y; = 0 for all e, j. Since we use ¥~! in the
expansion of fundamental solutions, the statements about ¥ are the inverse of [13]
(see [13, Page 10 annotation 7]), but they ,cgincide with [17]. Moreover, although [8,
Prop 2.3] write ‘i’]é, it plays the role as Y1 (see [8, Prop 5.1]).

12



2.2.4 R-matrix

Under the {d,,} basis, the Levi-Civita connectionis V = d. i.e.
Y _ Y _
Fp=0a)s=0
Lemma 2.9. In the {¢;} basis,
V=d+W¥d¥,
k _ rpew-11k _ wk = qg-1\8
Fij = [lPEi‘P ] i~ qlﬂfi(qj )j
Proof.
Vaéj = Vip-yea, (P05 = (¥ 700 (P05 = (P71)0a (PP e
()% = (P90, (P HPwh = (279w e Y wk = wheaw)’. o

Remark 2.10. In Givental’s “row down column up” notation, we are working in

the dual basis {€' = ﬁdui},

é=diP¥j; V&l =(I)) /e = ()]
Then in the dual basis {€'}, V. = d + ¥~1d¥,
T _ -1\ B~ J
(I, = (¥, ei‘Pﬁ.
Lemma 2.11. In the {€;} basis, the quantum connection is written as

1
V=V - —du
Z

where u is the diagonal matrix: u = Diag(u®, ..., u")

Proof. u' = VAL

. oul -
[du];(€;) = [W]éj = VAis; ¢
In comparison,
é:[ * gj = \/Eéiéij O

By the flatness of V=,

Lemma 2.12. Yd¥ ' Adu+dunWPd¥ 1 =0

13



In the normalized canonical basis,

1
(d+W¥d¥~' — —du)(Re"?) = 0
Z

dR - "% + 77 Re™?du + Wd¥~! - Re"/* - %du -Re"* =0
2(d + Yd¥ YR = [du, R]
Expand the R-matrix in z-powers, we have
Ya¥ ! = [du,R], (d+¥d¥Y YRy = [du, Ri41]
Remark 2.13. In Givental’s notation, ¥ is changed to be p-l

Remark 2.14. The coefficient (Rl)il. is the rotation coefficient y;; in [0, 7]. I give
a proof in Appendix B. ‘

Theorem 2.15. The genus 1 non-descendent Gromov-Witten potential F!(7) is
given by

Fl(r) = % Z In A (1) + C(7).

where |
cw =3 [ SR

The ancestor potential is defined by the formula

(gAY (1)

1=

ﬂ‘r(qg) = 117—\11’57_8!1/2
i=1
Here, we use the dilaton shift: q(z) = t(z) — 1z, where 1 is the unit in H*(X).
(qh,....qM)T = ¥(q?) is the expression in normalized canonical coordinates.
P is the operator identifying the Fock space with its coordinate version G(q')
G(q?) via @ = ¥ ,q“. The tau function 7(t.), t.(z) = tg + 1127+ t22> +... is the
partition function of trivial CohFT:

1
0= [

T(h: t) = exp (Z hg—lffpgt(t))
g=0

Theorem 2.16. The total descendent potential of a semisimple Frobenius manifold

1S
N

D(i:t) = COSTE IR [ | (q)
i=1

14



In the following paragraph, I try to explain this theorem more precisely.

e Because of the string equation, "2 does not really change 7~ = H v T(qh).

eu’/zT(qz) ( Z (u /Z) )T(ql) — T(ql)

k>1

e By proposition 2.4, R-action is

— . 22kl>021/ kl@ 6 N 1
RT(q) = e o [ |@mIR g
m=1
e P! action is
— ~ 22kl>021] kla 0 N 1
[¥-1R-"T1(q%) = [e o | ] r(@™1(R™Pa)
m=1
° g;\l action (this S; is in flat basis) is
- o W
SFIRFTa") = [exn Y52
h ; a o oo\
exp(z D, D Vidar— 1_[ (q™) | (R'®[Sql.)
k [>0 1,j m=1

Consider C(u), we get

D(h,qf')—(exp( [ S, ()i exp(PEL,

exp(— Z Z k’a 5q ])HT(qm)
.

kl>01/ m=1

(R™'¥[Sq].)

2.3 Reconstruction of CohFTs

This section aims to understand Theorem 2.16 in terms of reconstruction of
semisimple CohFT and explain the graph sum formula in this reconstruction.

We should realize that the expression of ancestor potential is important. It
is the potential of Gromov-Witten CohFT. The tau function ]_[;v:1 7(%; q") can be
viewed as the potential of topological CohFTs Q'°P. The ¥ action is just a change
of coordinates, this action can be absorbed by the R-matrix. The ¢/ plays no role
in quantization. Thus we see the R matrix is the key point in the reconstruction of
CohFTs.

Recall the definition of topological CohFT, also called 2D TQFT, Qg’% in
Definition 1.2. The cohomology maps g*, r*, p* are trivial because they are all
restricted in HY(-). Then pr is determined by Qg 3.

15



Lemma 2.17. In terms of normalized canonical basis {¢; },

(VA)%E™2" ifay = =a, =i

QP (€0, ® - ®Ey,) =
0 else

top ,
Proof. We first compute Q:
top / ~ ~ ~ ~ ~ ~
Qo,g(fal ® €qy ® €ay) =1(€qy * €ags €a3) = VDG, 041 ,090a, a3

For general Qg)ﬁl, we use the axioms of CohFT. The map r* contribute a factor VA;:

t ~ ~ t ~ ~ t ~ ~ ~ t ~ ~
Q;’]ﬂ,(er@ - Q®€) = Q;,’:L_l(e® e ®E)QOO,];(E®6®E) = \/ZQ;’Z_l(E@) - ®€)
The map ¢g* contribute a factor A; each time:

t ~ ~ t ~ ~ ~ ~ s ~ ~
QR (E®- 8= QP (0 QEREBE) =AY (€0 ®F)

J
Repeat this procedure, we get the result. |

The free energy ngmp w.r.t {€} is
il 1
top _ . .
T = Y (VR Y [y a )
i=1 n,l_é g.n
The partition function of QP w.r.t {¢} is
N .
ZQtop(h; t) = exp Z hg—l?:gﬂ p(t) = ]_[ ZKdV(hAi; \/A_ltl)
g i=1

This is the reason why some materials, etc [8], define the A-action as:

A ﬁ Z(h:t) = ﬁ Z(hAi; At
i=1

i=1

Remark 2.18. [/] uses

A ﬁ Z(h;t) = ﬁ Z (A 1)
i=1 i=1

i=

h2g—2+n

because they use ., ,, Fq.n in the definition of Zg.

n!

16



Similar to the reconstruction of ancestor potential, the partition function of €
is described by RZqwp. Take the dilaton shift into consideration,

_ h o 0 0 _
Zg(h;t)ZRZQtop(h;t)Z exp 5 Z Vklﬁa_a_ﬁ ZQtop(h;t) (R 1t(Z)+T(Z)),
kLap 9k 04,
ey

where
T(z) =z(1 - R Y(2)1) € 22V[[z]], 1isunitinV.

The Wick expansion expresses this formula into a graph sum. Before change of
variablest = R~1t + T,

h a 0
—yah —5 Zaw (1) = Zgun (B 1) - (Zhg Y

2 kl 0 aa —
a=aj; ,k:kj1
B=ajy l=ljy
1 o ki
= om(901 ® - © 60,)5 Byesyk gl ]—[ o
n! M J17J2
g.n

t¢11 12

Equation (1) becomes:
_ _ 1
Zg(h, t) = ZQmp (h, t) . Z hg 1 Z ; ‘/A/( top (¢(11 C® ¢a,n)
g n,c?,l; ' &:n

l

1 ! o g i -
YIRS Y S ) BT ) A

I<|n/2] ,giffé} ?:z y(mmfz::n;;::gjs i Jm "lE=R-1t+T
Take log on both sides and compare the power of 7
Zhg—lfgg(t) _ Z Z L_l l_lgtop (Bai)
g 8.1 TeGyg p [ At J11, My mi) g()mv) T
[ (hV:ll<(ee))kZ?S) ho Y f((eef) l_l Rt
ecE(I) t=R-1t+T

Here I' € G ;, is a decoracted connected graph with 7 ordinary leaves:
e the vertex v is labelled with genus g(v), number of adjacent half edges n(v).

e the edge e is labelled with height kq(e), k2(e), cohomology class a1(e),
as(e).

e the leaf / is labelled with height k(/), cohomology class (/).
Remark 2.19. The factor disappears in the edge contribution by the symmetry

ofVIZ’B. See Figure 2.
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Figure 2: contribution of edges

The change of coordinates is as follows:

R7't= Z(R_l)ktlaqﬁazk” = Z[(R_l)k]%tf%zk”; [R™'¢]¢ = Z [(R™")k-1]
ol

k.l 0<i<k
About 7(z) = 3 Txz*, we know Ty = Ty = 0 and hence for k > 2
T = [ (-[RT' (D19 = -[(R™)]

0= D IR el i) +7,

0<i<k
Zhg_l(f'g(t)—z Z e 1—[ Qr (Pav))
g - — al(v
g g1 TeGg. p AWM I, My ne g)nv)
ai(e),az(e) , ki(e) , ka(e)
[ (hvkl(o k(@) Yir(e) Yia(e) )
ecE ()
k(l; 1) B I
1_[ Vol I D (€ PV LA pst
0<s;<k(l;)
leavel
1 Qe
= (W), W), = _ tyn(y (D)
n! n;)re; |Aut(F)| Hng(v),me:[ gn(v)
ai(e),az(e) , ki(e) , ka(e)
[ (qu(e) k(o) Yir(e) Yinte) )
ecE(I)
n
k li 11 i ln+.s k ln+s
l_[lﬂl( )( Z [(R™ )k(l,) Sl fl(l lﬁ) HTQ(EM)) n-(ks )
i=1 k(li)zsi
Here G/ is a connected graph with g(I") = g, n ordinary leaves, and m dilaton

g.n,m

leaves. The dilaton leaves is labelled with height £ (/) and cohomology class a (/).
There are two ways to write this formula as a graph sum.

o The first one is originated from [&], also used in [10]. This way emphasizes the
formula of the partition function.

e Vertex v: n(v) is the adjacent half edges (including edges, ordinary leaves,
and dilaton leaves), k; is the height of these half edges, a; is the cohomology
classes of these half edges.

Cont(v)zhg(v)_lj QP (¢a(v))‘/’ x n'(l\(/v))

g(V) n(v)
Mg).n(v)
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e Edges e:

n~l = R\ (wn {(R"H)T(2)\ ™
+w

Cont(e) = [wk1(€) k()] (h

az(e)

e Ordinary leaves [:
Cont(l) = [Z*D](R™ (2)t(z))*?
e Dilaton leaves [:

Cont(l) = [ZFO71(-[R7}(2)]4")

log Zo (% t) = Z Z m 1—[ Cont(v) 1—[ Cont(e) n Cont(/)

8n.mI'eGy nm veV(T) ecE(IN) leL(T")UL'(T)

Remark 2.20. In [8], the row index is the lower index and the column index is
the upper index. The quantization R is defined as R(—z)" in our notation.

The another way is from [19], alsoused in [1 1, 16, 18]. This way emphasizes the
expression of now CohFT. Let

1
TthO,I;L(¢al’ B ¢an) = Z %(pm)*gfgoﬁﬁm(gbap s ¢(tn’ T(‘rlll)’ s T('ﬁm))
m>0 """
where p,, : Mg,mm — ﬂg,n is the forgetful map. The CohFT Q, ,, = EQ?& is
given by

~ 1
RQP (bays- - - = RTQR (Pays - - - = ————Cont(T’
g,n(¢a1 ¢Qn) g,n(¢01 ¢(Zn) re;gn |Aut(r)| On( )

Here we emphasize that the label of G, , is different from G, ,. I € G, ,, has
its ordinary leaves labelled by a1, ..., a,. There is no label on the edge and no
height label on ordinary leaves.

top

e at each vertex, we place TQg v).n(v)

e at each ordinary leave, we place R~ (1) da(1)

e at each edge, we place

7 = RN Wi o) RHT (Wiy(e))
Vi (e) + Wiz(e)

V(l//h (e)» (ﬁig (e)) =

VW' y") = Y Vil eaw) egpu”) € VRVOH" (Mg u)®H" (Mg
k,l
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Cont(I") is

l_[ TQz)(pV),n(v)( 1_[ V(Wii(e)s Vis(e)) ® l_[ R_l(‘ﬁl)‘pa(l))

veV(I) ecE(I) leL(T)

We can also introduce the dilaton leaves (also not labeled) by expanding the vertex
contribution TthOﬁ,. The vertex is replaced by QP The contribution of

) : g(v).n(v)’
dilaton sheaves [ is T'(¢;). For such graph I € G,

g.,n,m>
Cont(N) = [ | Qg(v),n(v)( [1 VWi vie) [] B @ddawy || T(',l’s))
veV (D) ecE () leL(T) seL’(T)

The factor 1/m! appears in |Aut(I")| because m (unlabelled) dilaton leaves con-
nected to the same vertex contribute m! automorphisms.

3 Topological recursion

The topological recursion is a recursion definition of a family of symmetric mero-
morphic forms {wg , }gen, nen, from a spectral curve S.

Definition 3.1. A spectral curve S, is the data of :
S=(C,x,y,B)
¢ C is a plane complex curve with coordinate (x, y)

¢ x and y are two analytical functions C — C

¢ B(z,7') is called the Bergman kernel. It is a symmetric 2nd kind differential
on C X C, having a double pole at z = z’ and no other pole. It behaves like

, dz ® d7’
B(z.?) ~ —— = +0(1)
2z (Z—Z)

in any local parameter z.

The point a such that dx(a) = 0 is called a branch point. Let’s restrict to a
specific class of S:

Definition 3.2. A spectral curve S is called regular if:

o the differential form dx has a finite number (non vanishing) of zeros dx(a;) =
0, and all zeros of dx are simple zeros.

e The differential form dy does not vanish at the zeros of dx, i.e. dy(a;) # 0.
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In this case, the spectral curve just has simple branch points. It means that near

x(a;), x(z) — x(a;) has a double zero, and thus /(z) = vx(z) —x(a;) is a good

local coordinate. Let Z denote the point corresponding the other sign of £(z), i.e.

{(z) = =L(2), x(2) =x(2).

If dy does not vanish it means that

y(2) ~ y(ai) +y'(ai)Vvx(z) = x(ai) + O(x(2) = x(ai)), y'(a;) # 0.

The recursion kernel with z in the vicinity of a branch point a is

1 //_ B(ZO,
2(y(2) - y(z))dx(z)

K. (zo, z) is a meromorphic 1-form in the variable zg, globally defined on zg € C.
It has a simple pole at zop = z and zop = z. On the other hand, concerning z,
K4(z0, z) is defined only locally near the branch point a. K,(zo,z) is symmetric
under involution:

Ka(Z07 Z) =

Ka(20,2) = Ka(z0,72)

Definition 3.3. The topological recursion is a recursive definition of a family of
meromorphic forms wg ,(S;z1,...,2,) with ¢ > 0 and n > 1 via the recursion
kernel K,(zo, 2):

wo,1(2) = y(2)dx(z)
wo,2(21,22) = B(z1,22)

For2g —2+n>0andJ ={z1,...,2,}

wg n+1(20,J) = Z ljgsa Ka(20,2) |wg-1,n+2(2, 2, J) (2

a=branch points

’

+ Z wn 1412 Do 1401 (2 1) ]
h+h'=g 1WI'=]

where Y. means we exclude the terms (4, 1) = (0, 0), (g, J).

The symplectic invariant ¥, = wy o is defined for g € N. For g > 2,

1
Te=5oag 2, R ea@o@)
a=branch points

where ®(z) is any function defined locally near a such that

d® = ydx.
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The following paragraph mainly comes from [11]. Let c[a] be a constant, and
x = (c[a]a)? +x(a) be a local expansion of the ramification point a. Consider the
auxiliary function ¢ and the associated meromorphic forms dé*-¢, defined as

. B k
£(2) = / Blw. )l dfk’“(2)=d((—ii) f“(Z))

Ala(w) |,=q {a dlq
We also set iy(2)
a yZ a 2 a
= ;o 19 =-2cla]cA”.
@) |- La]

Then we see {r*} give a topological CohFT on V = C(ey,...,e,) by setting
77(€a, eb) = (5a,b and

1= Z t%e,, Qg}’%(eal ® - ®ey,) =

( 1ai ) 2g-2+n
a=branch points

These “ play the role of Ai_l/ % in previous sections. Define the R-matrix R €
End(V)[[u]] and the translation T € u?V[[u]] by setting

b u _ x-x(b)
(R_l) a(u) = — —/ dé‘-‘ae 26|b|2u’
2 Yb
u _ x-x(a)
T%u) = (t“u - (=2¢[a]?c) —/ dye QCMQM)
2r Jy,

Here y, = {z € C | x(2) — x(a) > 0} is the steepest descent from a, oriented from
the negative to the positive values of the local coordinate {,. We define a new
CohFT by Q = RTQ'"P,

Theorem 3.4 (Eynard-DOSS correspondence). Let a be the set of ramification
points.

Wen(21, - r2) = BTN (eay) T, (ea,))g | | dE T (20)
i=1

5ea",IzEN"
where
n
ki
(Tky (€ay) - - - Tkn(ea,,»? = / Qg n(eq, ® - ®eg,) 1_[ vt
Mg,n i=1

Moreover, all the ingredients on the RHS depend on the choice of constants
{c[a]}aeca and c, while the LHS is independent of it.
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4 R-matrix in Gromov-Witten theory

Let X be a dimension D variety which admits a C* equivariant action with isolated
fixed points p’s and finitely many 1-dimensional orbits. The Gromov-Witten CohFT

is
X _ B
Qg,n_ZQ anﬁ
B

Qé{n,ﬁ(qjm ®---® ¢an) = Tlx [Mg,n(x,ﬁ)]wr N l_[ eV?ﬁbm-

i=1
The corresponding CohFT is semisimple. We can get the R-matrix in the following
step:

e Compute degree 0 Gromov-Witten CohFT. Identify the constant term of
R-matrix via quantum Riemann-Roch theorem.

e Multiply fundamental solution S-matrix by the constant term of R-matrix,
we get the R-matrix for Gromow-Witten CohFT.

4.1 degree 0 Gromov-Witten CohFT
By [Mg.n(X,0)]"" = e(Tx ®EY) N [X X Mg.]

7:X(t) / ev 1) lzﬁk i
|Q =0 Z n! M (X.0)]¥" 1_{ @

_Zn'./xwvt e(Tx REY )nev ¢alwk i
- / (e(TXE'EV)I_[lPa, >]"[¢k "

e(TyX® E ) K i
— J
Zn,/M DT ool D LLHL >l_[w
gn Jj=
Assume the weight of T, X is w1, ..., w,. (For convenience, we omit the subscript

p.) ’
e(TyX) = | | wi
i=1
Assume E, = EBJg.zle,
e(TyX ® Eg) [1;,;(wi —c1(Ly)) 1—[ e (EY)
= = i N
e(TyX) I1; wi w8

i
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where ¢;(Eg) = 2; 1A, c,(E\g’) = 3:(=1)/t'2;. Mumford’s relation tells that
¢ (Bg)e (BY) = 1,
e(TyX mEy) l—l 1
e(pX)  Llei(Ey)

The deg 0 Gromov-Witten CohFT is

D n
1
Xﬁ 0 -
- ® = E | | — | | ,
(¢a’1 ¢an) 5 <i:1 c‘/&- (Eg) j:1 lp¢(l’j [p]>
We can choose a basis in ¢y, € H..(X) ® C(v) such that

_[p]
= e(TyX)’

Under the basis {¢p}

$p U g = 0p.qPp; (¢pa ¢q) = e(T X)

XﬁO

1
(¢ ®¢ n):6 ----- n *
p1 ® P Pi,o.uP gci(Eg)

The above statement of degree 0 Gromov-Witten CohFT depends on the choice
of coordinates, and we will see it is not suitable to use quantum Riemann-Roch
theorem because Ey is not of the form m.ev; , E for any vector bundle over a point
p. There is another statement of degree 0 Gromov-Witten CohFT which overcomes
these drawbacks.

(0] ooy Zn, / [ Teviouibs

gn(XO) v1r i=1

* ki ap
- Z 1 Z/ [Ty evidati'ty
n! 7 I Mgn(p) ecs(R*m.evy  TpX)

. D ri
where R*m.ev; |\ ToX = &2, F ,
D
o * _ l—g i
ec-(R°m.ev, T X) = l_[wi cL (Fgn)-
i=1 '

If we adapt the classical normalized canonical basis ¢y, t = 14 ¢y, 2%, then

D _14+2 ki
(N2 wi) ™8 [Ty el

1 = 1) ]:
g =D 2 [ .
g *M1g=0 Zn:n'%: Me.n HiD:IC%(Fé,n)

Dx(B5t)lg=0 = [ | DE (he(Ty, X); t'\e (Ty, X)),

Pi

where at each p,

ki
i= 1eV ¢allﬁ ‘

<Tk1 ¢a/1’ ey Tk, ¢an>tw / H
l 1 Y 1 ( n)
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4.2 quantum Riemann-Roch theorem

This section is from [3,4,21]. Consider the universal family over X, , 5 =
Mg (X, B).
€Vn+1
Xg,n+1,,8 X
g
Xe.np

Given a holomorphic vector bundle E over X, set
Egnp=mevi E €K' (Xgnp)

Given an invertible multiplicative characteristic class of complex vector bundles
c(-), define the (c, F)-twisted genus g Gromov-Witten potential to be

De.p = exp Z e,
8

B
TEe() = ) 2w, bW eEgnens
nB

k;
ANevivi " Ac(Eg ng)

[Mg.n (X,)]7

Assume the invertible multiplicative characteristic class c(-) takes the form

o() = exp ) sech (),

k>0

(T, (V1) o s Th, (Vi) €(Eg n ) )gunp = /

we write s = (so, 51, 52, . . . ) throughout, and use ° to indicate 7° .. The quantum
Riemann-Roch theorem tells

Theorem 4.1 ( [3,4]).

exp(—izsll /x chl<E)ch(Tx>)(sdet Ve(E) D, =

>0

exp(Z Z st‘W%(Chl(E)ZQm_I)A) eXP(Z Sl—l(Chl(E)/Z)A)DX

m>01>0 >0

When the target X in Theorem 4.1 becomes the C*-fixed points p in Section

4.1, the twisted characteristic class is given by E , g = msev, Ty X,

1 1 1
H[c%(Fé,n) B Hi,j Cw%_(xj) B Hi,j(l +Xxj/w;)

C(Eg,n,,B) =
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By Taylor expansion,

k
1 k
X = eXP sk sk—(k—l)'( wi)~

D
c(Eg np) = €xp Z Z SiCchi (Eg ng) = exp Z skchi(Eg.n.p)

i=1 k>1 k>1

where s = 2,21(—1)’%;; = (k—=1)!Y,;(-w;)~k. Because X = p, the vector bundle
E over p is trivial,
[=0

1,
Chl(E) = {0 I>1

In other words, under the classical normalized canonical basis {¢p}, t = tf(q;p,zk ,
the quantum Riemann-Roch theorem tells that

Dx(;t)|o=0 = H D™ (he(Ty, X); t' Ve (T, X))
= nexp(z o (2m -5 (Zw 2'"“) 2’”—1) Dyt (hie(Ty, X); t!\Je(Ty, X))
= 1_[ (Z 2m(2m _— (Zw 2m+1) 2m= 1) Dy (15 t)
Pi

Here QP is a 1-dimensional topological CohFT with cup product rescaled by the
Euler class e(TpX) = []; w;:

(513 U ‘513 = l_lwi‘f;pQ U(dgp"/l;p) =1

Then we know the R-matrix on QX have the property that R(z)|p=o = exp diag(b1, ..., bn),

where
m+ B m £ !
bl<z)=2(2< wir) 2 l)ﬁm_l

m>1

Lett =t +1" € H*(X), where ¢’ € H?>(X). When we use this theorem in Gromov-
Witten theory, we identify Q := Qef’-#). Then Q = 01is equivalent to say ' — —co.
The constant ambiguity of R-matrix is fixed by

. B Z -1
3 J_ s —2m+1 2m
tim R(er, =6 3 (3w 2

t" -0 m>1

where t” — 0 means we go back to classical normalized canonical basis. It
recovers [ 14, Theorem 9.1].
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Notations this note [14] [15]

fixed points P Wi Wi
. Wil Xj(wi) Xr
weights tangent weight cotangent weight tangent weight
dim X D n

21 (=wi) 2| N

W =X 1X_2k+1(w) =Nok-1(1/x")

= Tt () 2k

Let R (z, u) be the R-matrix of §'; = §i+ < W’ ¢’ >0 (1) Wrt S = Re?
such that u'(0) = 0. Then

B z2m-l
nele — Rl —-2m+1 | Z2m
Z(Z( wit) 2m 2m -1

m>1

is the R-matrix of Gromov-Witten CohFT Qif, n-

A Linear Algebra

There are various notations of linear algebra from different authors. It caused some
confusion for me when I want to compare papers from different origins.

I get used to use M to denote Me, = M e . a is row index, b is column
index. As far as I know, [3, 17, 19] use this notation. In this note, I use this notation
by default.

M(ei,...,en) = (e1,...,e,)(M%).
Map = (eq, Mep), M = (e, Mey,)

The adjoint of M is
(Mu,v) = {u, M*v).

(M), = (e, M"ep,) = (Me“, ep) = M,".

The transpose (MT)“h = M5 =nP°M 9n44. Hence, MT = nM*n~1.

On the other hand, [8, 14, 15] uses low index b as a row, and upper index a is a
column. There are two conventions. One way is to use right multiplication (in [8]).
On this setting, e, M = Nb“ea.

€1 €1
AM=NZ]. ..
en en

(NoM)e, = (eqM)N = MPep,N=MPNSe. — NMe, = N, MV e,
(Nt)* =t°N2, (NM)}f=MSNL.
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In this notation, N,* = M¢ = (MT)b . ie. N is the transpose of M. In this case,
the upper index means coefficient of the vector field:

Zl e1
t=t%g=(e1,...ex)|... =G, ). ..
" en

l‘1 el

Mt = (e1,...e))[M9]]...|= (' ., [INLT| -

" en

The another “row down column up” notation M,” is to use metric 7 to change the
indices (in [15]). M,? :=nacM< P, e =niie;

151
Mt =(et,...eM[MP|...
tn

(NoM)P =NsMmP
The lower index is the coefficient of the (co)vector field.

Remark A.1. In []5, Equation 7], the paper says expanding the first row of S(z),
it means the lower index is row (use the n to change index):

${(2) = (L.S(6)) = () 6"6,. 8(8) = ) 5“8,

' —1/2,,1/2 ; —1/2,,1/2 C i 12 i
S = (A 7(45%0). 806" = () AT 2(A 0. R ey = ) AT R e
J
In the text below [ 15, Equation 24], SL = e”i/zR;‘P{; means

Slj = ‘PﬂjRjieui/z.

B Dubrovin’s notations

This section aims to compare the notations in [6,7, 12]. It is not a complete
introduction of Dubrovin’s theory. In [6,7], u;’s are canonical coordinates,

0 0

Vi1 =4 [(

The transition matrix ¥ = (y;,(u)) is given by

0 nlﬁiaa

al‘_" B ) Uil Ou;

The rotation coefficients y;;, (i # j) is

()

vij(u) = - 9;idjt1 ()

1
W 2 aill(u)ajtl(u)
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Proposition B.1. The rotation coefficients y;; is (R1) i f in the fundamental solution.

Proof. Recall the formula Yd¥~! = [du, R;]. The matrix Yd¥~! is given by the
Christoffel symbols. In the canonical coordinates, Fij = F;'(jduk , where

1 a(A7h) a(AT) A(ATY)
ij ~ gtk | Ok ou; ik Ouj L

.. - -1. .
The transition between €; and ¢; (¢; = VA; &) tells that under the normalized
canonical basis {€;}.

V=d+VA dVA+VA TVA,
waw ' =vVA VA +VA TVA

Then we get
oA . 9
( ) i)
ou!

[waw™! «/_ A/A;

Expand [du, R:]’

= (Rl)il.(dui — du’), we know when i # j,

A-1
(R)'; = \/_\/—j( )—%‘j- |

ou’

J

Remark B.2. [ think [ 17, page 19] makes a mistake on the power of VA.

Remark B.3. The tablet summarizes the notations in [0, 7, 12]:
Givental Dubrovin
—1/2
A, / Yi1
A%. i = ¥h = 0in
Tla ) lﬂia
(R, Yij

By this identification, we can deduce some relations about 4, y;; in [0, 7].
Lemma B.4. For distinct i, j, k,
OkYij = YikYkj» k#i,j
Proof. The flatness condition of V tells
d(Pd¥ 1) + PP A WPaP! =
By [Wd¥ '], = yij(du’ — du’),
akyijduk A (du' — du’) + yie(du® — du®) A )/kj(duk —du’) =0

Then we get the result. O
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Lemma B.5.

6k¢ia:7ikwka, k #1i.

Proof. —d¥ -W~! = Wd¥~! = [du, R{], so

d¥ = [Ry,du]¥, dia =yi(du* - du')ppa. ]
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